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' Let (X, d, m) be a metric measure space with a local regular Dirichlet form. We 

establish necessary and sufficient conditions for upper heat kernel bounds with sub- 
, diffusive space-time exponent to hold. This characterization is stable under rough 

\ isometrics, that is it is preserved under bounded perturbations of the Dirichlet 

(-H ■ form. Further, we give a criterion for stochastic completeness in terms of a Sobolev 

inequality for cutoff functions. As an example we show that this criterion applies 
to an anomalous diffusion on a geodesically incomplete fractal space, where the 
well-established criterion in terms of volume growth fails. 
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(N 1 Introduction 

Let (A", d) be a locally compact metric space and let m be a positive Radon measure on 
^ \ X with supp [m] = X. We will refer to such a triple (A*, m) as a metric measure space, 
^ ' and denote by (., .) the inner product in L'^{X,m). We consider a regular, strongly local 
" " " Dirichlet form {S,J^) on L^{X,m) (see |FOT] ). Let £ be the (negative definite) generator 
of S; this is a self-adjoint operator in L'^{X,m) such that 

£{f,g) = -{Cf\g) for all / e V{C), g^T, 

and let {-Pj}t>o be the associated semigroup. If Pt has a density pt(x, y) with respect to m 
then after some regularization we call this the heat kernel on the metric measure Dirichlet 
space (or MMD space) {X,d,m,S). Our main interest is in upper bounds on pt{x,y). 
Write B{x,r) for balls in {X,d) and set 

\^(x, r) = m(i?(a;, r)). (1-1) 
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Most familiar are Gaussian upper bounds of the form 



Pt{x,y) < 



) 



(1.2) 



exp 



t 



these arise (with lower bounds of the same form but with different constants) in the case 
of uniformly elliptic divergence form PDE, and manifolds with Ricci curvature bounded 
uniformly below - see |Art ILY] . 

If (11. 2p holds we will say {X, S) satisfies the condition UHK(2); if in addition Gaussian 
lower bounds hold we say HK(2) holds. One can ask for characterizations of these bounds, 
and in particular for characterizations which are stable, that is that are preserved under 
bounded perturbation of the Dirichlet form. More precisely, a property (P) of {X,S) is 
stable if when {£i,J^) are two Dirichlet forms on L'^{X,m) with 



then (P) holds for {X,£i) if and only if it holds for {X, £2). In the manifold case stability 
for HK(2) was proved in |GrOtlSCT| by showing that these Gaussian bounds are equivalent 
to volume doubling (denoted VD) plus a family of Poincare inequalities - see below for the 
precise definitions. If VD holds then stability for UIIK(2) is a consequence of the results 
of |Gr3] ■ where it is shown that UHK(2) is equivalent to a Faber Krahn inequality FK(2), 
which controls the smallest eigenvalue of domains in X . 

The Gaussian bounds (11. 2p arise due to the standard space-time scaling relation t = r"^. 
More general possibilities can arise; for various exact fractals (see |Bal] ) one can have 
V{x,r) X r" and a space time scaling of t = , where a G [1, 00) and (3 G [2, 1 + a]; 
the case when /3 7^ 2 is called anomalous diffusion. Since we wish to be able to consider 
spaces with different local and global structure, we introduce a more general space-time 
scaling function Let /3l > 2, /3 > 2, and set 



We will write UHK(\1/) for the heat kernel upper bounds associated with \1/ - see Definition 
ll.6l below for their precise form. Our main theorem is a stable characterization of UHK(\I^), 
in terms of Faber-Krahn inequality FK(\1/), and a new condition denoted CSA(\1/), which 
controls the energy of cutoff functions in annuli. 

To state our results precisely, we need a number of further definitions. 

Since £ is regular, each function f E admits a quasi-continuous version / (see 
Theorem 2.1.3 in |FOT] ). Throughout the paper, we will abuse notation and take the 
quasi-continuous version of / without writing /. Another consequence of regularity is 
that £{f,g) can be written in terms of a signed measure r{f,g) as 



C-^^i(/, /) < £2{f, f) < C£,U. /), / e -F, 




(1.3) 
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For any essentially bounded / G J-", r(/, /) is the unique Borel measure on X (called the 
energy measure) on X satisfying 

/ gdT{fJ) = 2S{fJg)-S{f,g) 
J X 

for all essentially bounded g r{f,g) is then defined by polarization. 

Example. (Davies [D]). Let {M,d) be a manifold with Riemannian volume measure fi, 

and £{f, f) = J | V/p(i/x. Let a > 0, and dm = cr^ d/i. Then 

£/ = a-2V(aV/), 

and cir(/,/) = |V/|Vd/i. 

For later use we collect from [FOTl Section 3.2] some properties of the energy measure. 

i) Locality. For all functions f,g & T and all measurable sets G G X on which / is 
constant 

lGdT{f,g) = 0. 

ii) Leibniz and chain rules. For f,g E T essentially bounded and G C"'^(M), 

dT{fg,h) = fdT{g,h)+gdT{f,h), 
dT{ip{f),g) = ^'{f) dT{f,g). 

We note also the following result of Le Jan |LJt Proposition L5.5(b)] - see also |Mos] . 
p. 389 for a simple proof. 

Lemma 1.1. Let X be a MMD space. Suppose that {Si,J^),i = 1,2, are strongly local 
regular Dirichlet forms that satisfy 

C~'S,if, f) < S^if, f) < CS^if, /), / G ^. (1.4) 

Then their energy measures T^^^ satisfy 

C-'dT^'\f, f) < dT^'\f, f) < CdT^'\f, /), for all f E (1.5) 

We now introduce a number of conditions which the space X and Dirichlet form S may 
or may not satisfy. 

Definition 1.2. We say that {X,d,m) satisfies volume doubling (VD) if there exists a 
constant Cjj such that for every x E X , r > 0, 

V{x,2r) <CDV{x,r). (1.6) 

We next introduce the Faber-Krahn inequality: see |GTj . Section 3.3 for more details. 
For any open set D <Z X, Td is defined to be the closure in T of the set of all functions 
in T that are compactly supported in D. For D C A" we write Ai(D) for the smallest 
(Dirichlet) eigenvalue of C on D] this can be defined by the variational formula 

\m = {^iljjP : / G ^D,/ 7^ o}. (1.7) 
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Definition 1.3. The MMD space {X,S) satisfies tlie Faber-Krahn inequality FK(\1/) if 
tliere exists a constant Cp and u > sucli tliat for any ball B = B{x,r) and open set 
DcB, 

^'^^^ - ^^^^^)/"^^^))'^- ^l-S) 

We remark that the value of u turns out to be unimportant. 

Definition 1.4. We say that the Poincare inequality PI(^) holds if there exists a constant 
Cp such that for all balls B = B{x, r) and f & J^, 

inf / if-afdm= [ {f -J j,fdm < Cp^ir) [ dTifJ). 
■^eK Jb Jb Jb 

Here /g is the mean oi f on B. 

Associated with the Dirichlet form {S,J^) and semigroup (Pt) is a Hunt process X = 
{Xt,t > 0,P^,x e A" - AT). Here Af is 'properly exceptional': m(A/') = and F^{Xt € 
JV for some t > 0) = for all x G X —Af - see [FOTl p. 134]. This Hunt process is unique 
up to a properly exceptional set - see [FOTl Theorem 4.2.7]. We fix X and A/", and write 

Xo = X-^. (1.9) 

While the semigroup {Pt) associated with S is defined on L^, a more precise version, with 
better regularity properties, can be obtained if we set, for bounded Borel /, 

Ptf{x) = E^f{Xt), xeXo. 

The heat kernel associated with (Pt) (if it exists) is a measurable function pt{x,y) : 
(0, oo) X Afo X A'o — (0, oo) such that 

E-fiXt) = PJ{x) = j Mx, y)f{y) m{dy), x e Xo, f e L^{X), (1.10) 
Pt{x,y) = pt{y,x), for all t > 0, x,y e Xq, (1.11) 
pM-,z) = jp^(.,y)My,z)m(dy), for all . > 0. * > 0. x..e^„. (1.12) 

While (11.101) only defines pt{x, ■) m-a.e., using the Chapman-Kolmogorov equation (11.121) 
one can regularise pt{x,y) so that (I1.10p - p.l2p hold on all of Xq. For more details see 

Define the function 

$(i?,t) = supf---^). (1.13) 



s>0 



V s ^'(s 



The following lemma summarises some properties of this function - see Section 3.3 of 
[GTj and in particular Example 3.18. 
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Lemma 1.5. ^{R,t) is non-negative, increasing in R and decreasing in t. We have 



$(i?,t)x 




) 



) 



ift>R. 



(1.14) 



Further $(/?, *(/?)) < I3~^'^^'''^\ where /^a = /3l V (3. 
We define \E'~^ to be the inverse of so tliat 



(s>l)- 



Definition 1.6. We say {pt) satisfies UHK(\I/) if tliere exists a properly exceptional set 
Ao and constants Ci, C2 such that 



for all t > and for all x,y & X — Aq- If a similar lower bound (with different constants 
Ci) also holds then we say that HK(\1/) holds. 

When \l/(r) = we will write PI(/3) etc. for the condition PI(\1/). 

As explained above, we wish to find a stable characterization of the heat kernel bounds 
UHK(\1/). In view of Lemma the characterizations of HK(2) and UHK(2) in terms 
of Faber-Krahn and Poincare inequalities are stable. It is easy to see that the natural 
generalization of these to more general \l/ fails. Let \l/2 > with \l/2('")/^i('") — ^ oo, 
and let X be an unbounded space satisfying HK(\l/i). Then X also satisfies FK(\l/i) and 
PI(^i), and so by the monotonicity of these conditions in it is immediate that X 
satisfies FK(\l/2) and PI(\l/2). However, it is straightforward to check that HK(\l/i) and 
UHK(\l/2) cannot both hold. At a more fundamental level, the conditions PI(\1/) and 
FK(\1/) ensure that the heat equation homogenises over a ball of radius R in time at most 
\&(i?), but do not exclude the possibility that this might occur more quickly. To 'capture' 
HK(\1/) one needs a condition which gives an upper bound on the rate at which heat, or 
the diffusion X, can move on the space X. Such a condition was found in |BB3[ IBBKj . 
which gave a stable characterization of HK(\1/). 

Definition 1.7. Let U G V he open sets in X with U C U C V. We say a continuous 
function (/? is a cutoff function for U (ZV ii ip = 1 onU and <y9 = on V'^. 

Definition 1.8 (Condition (CS(*)). (See jBBSllBBK] .) We say that condition CS(^) 
holds if there exist constants Ci and 6' G (0,1] such that the following holds. For every ball 
B{xo, r) there exists a cutoff function if with = 1 on B{xo,r/2) and y9 = on B{xo, rY, 
with the following properties. 

(1) if is Holder continuous of order 6. 

(2) If < s < r and / G then 



Pt{x,y) <V{x,^ \cit)) ^exp{-<!>{c2d{x,y),t)) 



(1.15) 



/ fdT{^,^)<c,{s/ry'([ dT{fJ) + ^{s)~' [ fdm). (1.16) 
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'CS' here refers to 'cutoff Sobolev'; this condition ensures the existence of a large class 
of cutoff functions with low energy. The main theorem of |BB3t IBBK] is that HK(\1/) 
is equivalent to VD +PI(^') + CS(^'). While the condition CS(^f) is hard to verify, it 
is stable. Further, this stability allows estimates on (for example) the heat kernel on 
the Sierpinski carpet to be transferred to manifolds, graphs, or domains in M.'^ which are 
roughly isometric to the Sierpinski carpet. For rough isometries see [Kan], and a for more 
detailed discussion of this point see |BBKt Section 5]. 

We now introduce a simplication of the condition CS(\I/), which controls the energy of 
cutoff functions in annuli. 

Definition 1.9. Let Dq, Di be open subsets of X with Dq C Dq C -Di, and let U = 
Di — Dq. We say that condition CSD(Do; -Di, 6) holds if there exists a cutoff function (p 
for Dq C Di such that if / G J-" then, 

f dT{^, f) + fdm. (1.17) 

Definition 1.10 (Condition (CSA(\I^)). We say that condition CSA(\I^) holds if there 
exists a constant Cs such that for every x&X, R>0, r>0 the condition 
CSD(5(x, R), B{x, R + r), Cs^(r)-^) holds. 

Remark 1.11. 1. If VD holds then CS(^) implies CSA(^) - see LemmaO 

2. Note that CSA(\I/) does not require the Holder continuity of the cutoff function. 

3. It is essential for the use of f ll.l7p in Lemma 13.31 that the constant in front of the 
first term on the right hand side is less than j. However, as we will see in Section [5l the 
inequality CSA(\I/) has a 'self-improving' property, which enables one to alter the weights 
of the two terms on the right-hand side. 

4. It is easy to see by using linear cutoff functions that CSA(2) holds on any manifold. 

5. The bound f ll.lTp is not symmetric between ip and 1 — (p, but very often we will just 
use the fact that ip < 1 in the first term on the right hand side. 

6. In view of Lemma [1.11 and the results of Section 5, the condition CSA(^) is stable - 
see Corollary 15.21 

7. See |Basj for the use of an inequality similar to CS(\I^) to prove stability of the elliptic 
Harnack inequality for a class of graphs. 

Our first main theorem is the following characterization of UHK(\1/). 

Theorem 1.12. Assume that X satisfies VD and is unbounded in the metric d. The 
following are equivalent: 

(1) FK(^) andC^k{^). 

(2) UHK(^). 

Remark 1.13. (1) See |GHj for several other conditions equivalent to UHK(/3). Note 
however that unlike (1) above, none of these were known to be stable under bounded 
perturbation of the Dirichlet form £. 
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(2) The reader may wonder if while CSA(\[^) is sufficient for upper bounds, one needs 
the stronger CS(\1/) to obtain lower bounds as well. However, we expect that HK(\I/) is 
equivalent to VD + PI(^') + CSA(^'). In fact, VD + PI(^') is enough to give FK(^^), 
so using Theorem 11.121 one obtains UHK(\1/). Given this, the methods of Stroock and 
Saloff-Coste [SCSj . and Fabes-Stroock |FSj should then lead to a matching lower bound. 

The main theorem of |BB3t IBBKj was proved using Moser's method [Molj . To prove 
the implication (1) =^ (2) in Theorem 1 1 . 1 2 1 we ffist show in Proposition 12.31 that CSA(\1/) 
gives a generalization of the 'Davies-Gaffney' bound of [D]. Next, we use techniques 
developed in [GrOtlCG] to prove a mean value inequality for caloric functions (i.e. solutions 
of the heat equation), which leads to the pointwise bounds UHK(\1/). For the easier 
implication (2) =^ (1) we use the method of [BBKj . but since CSA(\1/) is rather simpler 
than CS(\1/) the proof is much quicker. 

Our second main result concerns stochastic completeness. 

Definition 1.14. The process associated X is called stochastically complete if Pjl = 1 
m-a.e. for some (or equivalently all) t > 0. 

The energy measure F defines in an intrinsic way a pseudo metric g on (Xjin) by 



called the intrinsic metric or Caratheodory metric. We will denote by Bg{x,r) = {y G 
X : g{x, y) < r} the open ball with center x and radius r w.r.t. the g metric. Further, we 
will use the notation 



The pseudo-metric g is not always useful. For some fractal sets such as the Sierpinski 
carpet the measures T{f,f) and m are mutually singular - see [Hi]. In these cases the 
only functions / satisfying the conditions of (ll.lSp are constants, and so g is identically 
zero. 

The following theorem gives, in the manifold case, the best possible criterion for 
stochastic completeness in terms of volume growth. 

Theorem 1.15 ( [Grll [Gr2| IStl] ). Suppose that the metrics g and d on X are equivalent, 
and all balls Bg{x,r) are relatively compact. We say that (VGC) holds if for some x & X , 



If (VGC) holds then {X^£) is stochastically complete. 

Our second main theorem gives a criterion for stochastic completeness, in terms of a 
balance between the energy of cutoff functions between a sequence of compact sets, and 
the volume of the regions between these sets. 



g{x, y) = sup{f{y) - /(x) : f e J^, dT{f, f) < dm} 



(1.18) 



g{x, oo) := sup{r > : B^{x,r) is relatively compact C X}. 

If A' is a Riemannian manifold and S{f, f) = J | V/p dfi, then g is just the Riemannian 
metric. 




(1.19) 
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Theorem 1.16. Let Dn be an increasing sequence of open sets with compact closure, such 
that UDn = X . Write Un = -Dn+i — Dn- Let 9n > be such that CSD(L'„, -Dn+i, On) holds 
for each n. 

(a) Suppose that On < Ci for all n. If 

liminf^^4^ = (1.20) 

then stochastic completeness holds. 

(b) Suppose On = CqTi^ , and there exists a constant b > such that 

m{Un) < e2''(i°§")'. (1.21) 
Then stochastic completeness holds. 

Remark 1.17. 1. Note that this Theorem does not involve the intrinsic metric g. 

2. We give an example below of a space A" such that for some sufficiently large i?o one 
has X = Bg{xo, Rq), but which is still stochastically complete. 

3. In terms of volume growth, this Theorem gives a weaker criterion than the results of 
|Grlt IStlj . However since f ll.2ip only requires that a subsequence of annuli have small 
volume, there are manifolds for which Theorem 11.161 gives stochastic completeness, while 
the volume growth criterion of |Grlt IStl] fails. 

4. The constant 4 in fll.20p is not best possible; it is related to the choice of 1/8 in fll.l7p . 

5. See Remark 16.11 for the case On x n'^'^ for 7 G (0, 1). 

The layout of this paper is as follows. In Section 2 we show how CSA(\E') can be used to 
give a generalization to the space-time scaling \1/ of the 'Davies-Gaffney' bound obtained 
by Davies in [D]. In Section 3 we use CSA(\E') to obtain a Cacciopoli type inequality. This 
is then used in Section 4 to obtain mean value inequalities, which lead to the upper heat 
kernel bound UHK(\I/). In Section 5 we prove that UHK(\Ef) implies CSA(\I/). Section 6 
proves Theorem I1.16[ and Section 7 gives examples, based on the 'pre-Sierpinski carpet', 
of spaces which are geodesically incomplete, or for which the criterion of [Grit IStl] fails, 
but which are still stochastically complete. 

We write c, c' to denote positive constants which may change on each appearance. 
Constants denoted Cj will be the same through each argument. Constants related to 
fundamental properties of the space X or Dirichlet form, such as those in the volume 
doubling property, will be denoted C. and will be the same throughout each argument. 

Acknowledgment. The authors wish to thank Rich Bass for several conversations on 
the topic of Remark 11.13( 2). 
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2 Davies Gaffney estimate 

We begin by noting the following Cauchy-Schwarz inequality. Let u,v G J-", f,g G 
L~(A',m), and A > 0. Then 

fgdT{u,v)= [ {f/\'/'){\'/'g)dT{u,v) 

X J X 

J X J X 

Let Dn,n > be an increasing sequence of open subsets of X with Dn C -Dn+i- 
Suppose that CSD(Z}„, holds for each n, and let ipn be the associated cutoff 

functions. Let (a„,n > 0) be an increasing sequence, with > 0. Set 

oo 

(p = ao + ^{an+i - an){l - (Pn), (2.2) 



n=0 
(On+l ~ On) 



6* = sup 6n, (2.3) 



Co = sup6X- (2.4) 

n 

Lemma 2.1. Suppose D^, (fn o-nd ip are as above. Then for any u ^ T 

\ ^2rfr(n,u) + Co / <^Vdm. (2.5) 
8 Jx Jx 



I %)} dT{(p, if) < 
Jx 



Proof. Let Un = -Dn+i — -D„, and note that a„ < (/:> < a„+i on ?7„. Since T{ipn, fm) = 
if n 7^ m, using CSD, 



J dT{Lp, if) = ^{ttn+l - ttnY j dT{ipn, ^n) 



< V'(an+i - an)^(| / dT{u,u) + 6n u^dm 

proving (12.51) . □ 

We can use this to obtain an analogue of Lemma 1 of [D]. 

Proposition 2.2. Let Lp, an, h^, On and Cq he as above, and suppose that h* <1. Let f 
have compact support. Set Ut = Ptf . Then 

||Mf</^||2 < ||/</^||2exp(2Cot), (2.6) 

^ J ^^dT{us.Us)ds < 2||/v^||2e^^o*. (2.7) 
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Proof. Given Lemma [?!T] the proof is as in [D]. Let / have compact support and Ut = Ptf ■ 
Let iV > 1, and set 



N 



= 0,0 + ^(a.„+i - a„)(l - (pn), 

n=0 

hN{t) = \ \utipN\\l = / ul^lfdm. 



Then since Ut G Vi^C), (p%Ut G J-', 

h'^{t) = 2{Cut,(p%ut) = -2£{ut,(p%ut) 



-2 (p^dT{ut,Ut) - A ipNUtdT{ut,(pN)- (2. 
'x Jx 



Using (12. ip with A = 2 to bound the second term, 



h'^it) < - \ ^^dY[uuUt)+A \ u\dY{^j,,^j,). (2.9) 
J X Jx 



So by Lemma [2. H 

h'^{t) < -{I - \{h*f) [ ipldTiut,Ut)+ACo [ ^luldm 

Jx Jx 

<-\j ^ldV{uuUt)+ACMt)- (2.10) 
Thus h'p^ < iCoh^, and hence h^it) < hiy{0) exp{4Cot). Integrating (12.101) we obtain 

fiNit) - h^iO) + I j ^ldT{us,Us)ds KWf^NWlie^"^'' - I) ■ 

Letting ^ oo gives (E^D and (EJ]). □ 
We can use this to obtain a generahzation of the 'Davies-Gaffney' bound in [D] . 

Proposition 2.3. Suppose CSA(\E') holds. Let xi,X2 G X and let d{xi,X2) = R- If 
fi G have support in Ai = B{xi,R/A) then 

(Pt/1,/2) <Ci||/i||2||/2||2exp(-C2$(i?,t)). (2.11) 

Here Ci depend only on Cs, P and 

Proof. First note that 

(Pt/1,/2) < ||Pt/l||2||/2||2 < II/1II2II/2II2; (2.12) 

adjusting the constants Cj this is enough to give (12. lip if $(i?, t) is smalL Next, it is 
enough to prove (12. lip when | I2 = 1, so we assume this. 
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Choose m > 1, let r = R/2m, and Dj. = B{xi, + kr), k > 0. Let ip^ be cutoff 
functions for Dk C -Dfc+i, for A; > 0. Set = 2*^^"^, and define if as in (12. 2p . Note tliat 
6* = (2 - 1)2 = 1, 9k = C5*(r)-i, and so Cq = Cs*(r)-i. 

Tlien writing Ut = Ptfi, as in [Dl Tlieorem 2] we liave 

{Ptflj2) = {vPtfl,^-'f2) 

< lbMt||2||v5~V2||2 

< \\ipM\2exp{2Cs-^{r)-H)\\ip-^f2\\2 

< exp(2C5^(r)-^t)(sup^)(supy?-^). (2.13) 

Ai A2 

Tlie construction of (f gives (y9 = 1 on Ai, and (f = 2"^ on A2. So 

log(P./,. A) < -(mlog2 - ^) = -log2(„. - (2.14) 

It remains to clioose m G N so as to obtain tlie bound (12. lip , and we need to consider 
several cases. 

Case 1. t > \l/(-R). By Lemma [T3] we have $(i?, t) x 1, and adjusting the constant Ci we 
obtain f l2lT]) from f l212|) . 

Case 2. R<t< ^(i?). Then i? > 1, so we have R<t <R^. We will choose m < R, so 
the final term in (I2.14p is 

We wish to choose m so that c^tm^~^R~^ G [1/3, 2/3], and this will be possible provided 
R^ /t is greater than some constant C4 (depending only on C3 and /3). We then have 
m X (i?^/t) 1/(^-1), and hence we obtain the bound ([231]). If i?^/t < C4 then $(i?,t) < cg 
and again we obtain (12. lip from (I2.12p . 

Case 3. t < R and t < "^{R)- In this case we will choose m > R, so that '^{R/m) = 
(i?/m)^^. If i? < 1 then "^{R) = R^^ and so the argument is as in Case 2. If i? > 1 then 
t < R < R^^, so again we can proceed as in Case 2. □ 



3 Cacciopoli and mean value inequalities 

In this section we prove a mean value inequality as in |GrO| Section 3]. We begin by 
seeing that CSA(\1/) enables us to prove a Cacciopoli inequality similar to [GrOl Lemma 
3.1]. To that aim we need to give a definition of caloric functions in the general context 
of metric measure spaces. 

Definition 3.1. Let / be an interval in M. We say that a function u : / — j- L'^{X,m) 
is weakly differentiable at to ^ if ior any / G L'^{X,'m) the function {u{t),f) is differ- 
entiable at to- By the principle of uniform boundedness, in this case there is a function 
w G L'^{X,m) such that 

hm (.;,/) 
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for all / G L'^{X, m). We refer to the function w as the weak derivative of the function u 
at to and write w = ■^u{to) = Ut{to). 

Definition 3.2. Consider a function u : I ^ and let ^2 be an open subset of X . We 
say that m is a caloric function in J x f2 if m is weakly differentiable in the space L?'{VL) at 
any t E I and, for any non-negative / G J-^ and for any t E I, 

Lemma 3.3. (Cacciopoli inequality.) Let xq E X , B = B{xo,R), r < R and B' = 
B{xo, R — r). Suppose that CSD(i?', B, 9) holds, and let ip he the associated cutoff function 
for B' G B. Let T > 0, and set Q = B x [0,T) . Let kit) he a Lip schitz function oft with 
k{f]) = 0, < A; < 1 and \ \k'\\oo = K- Let u = u{x,t) he a non-negative caloric function, 
and V = {u — 6)^, where 6 > Set 

r]{x, t) = ip{x)k(t). 

Then 

lv{x,Tfr]{x,Tfm{dx) + '^ [ dT{T]v,r]v) dt < 2{^e + K) [ v^dmdt. (3.1) 
Jb ^ Jq 9 Jq 



Proof. Since k{0) = we have, writing vt = dv/dt 
1 
2 

Using the fact that u is caloric we get 



B 



v{x,TYr][x,TYm{dx) = I vvtrj'^ dm dt + / v^r]r]tdmdt. (3.2) 



Further, 



/ ri'^vvtdmdt= / l.{ii^e}ffvutdmdt = — / dT{ri'^v,u) 
Jq Jq Jq 

= - / 7]"^ dT{v,v)dt-2 / v7]dT{v,r])dt. (3.3) 
Jq Jq 



dT{vip,vip) <2 / ip^dT{v,v) + 2 / v^dT{ip,ip). (3.4) 
B Jb Jb 



Let A > 0. Then using dS]) 



- / (p^dT{v,v)-2 / v(pdT{v,ip) < (-1 + X-') / ip^dT{v,v) + X / v^dT{(p,(p). 
Jb Jb Jb Jb 

Taking A = 2 and using (13.41) and CSD we obtain 

— / if"^ dT{v,v)—2 / v(p dT{v, (f) + a / dT{v(p,v(p) 
Jb Jb Jb 

<(-^ + 2a) / <f^dr{v,v) + {2 + 2a) [ v^dr{ip,(f) 
Jb Jb 



2 

< (- J + 2a + (2 + 2a)l) [ ^'^dT{v, v) + {2 + 2a)e [ dm 
2 8 ./r Jb 



o JB jb 
20 f 

—e / v'^dm (3.5) 



B 
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Q 



if a = 1/9. Multiplying this inequality by and integrating gives 

rf dT{v,v) dt — 2 f vr] dT{v,ri) dt + - f dV [vt] , vt]) dt 
Jq 9 Jq 

20 f 20 f 

< — e / / v^k{tf dmdt < —9 / v^dmdt. 
^ Jo Jb 9 Jq 

Combining this with ( 13 ■2p and (13. 3p we obtain 

v{x,T)'^ri{x,TY m{dx) -\ — f dT{vr],vr]) dt 



QjQ 

< 2 v'^ririf dm dt H 9 / f ^ dm dt 

- Jq 9 Jq 

40 f 

< {2K+—9) / v^dmdt. 

9 Jq 

In the final line we used the fact that 77 < 1. □ 

Remark 3.4. Note that to obtain (13.51) we needed that the constant in the first term on 
the right of (I1.17P was less than 1/4. 

The key step in the proof of the mean value inequality is the following comparison over 
cylinders. For a cylinder Q G X x M+ and a function w write 

I{w,Q)= / w'^dmdt. 
Jq 

Lemma 3.5. (See IGrOj Lemma 3.2].) Suppose ¥K{^) and CSA(\E') hold. Let u he a 

caloric function in Q = B{xo,R) x (0,T). Let u = u^, 9 > and v = {u — 9)^. Let 
< Ti < T, i?i G {\R,R), Qi = B{xo,R,) x {T^,T), 

I = I{u,Q), h = I{v,Q,), 

and 6 = Ti A'^iR- Ri). Then 

ciI^+^^iR) 

Proof. Let B = B{xo, R), B' = B{xo, + Ri)) and Bi = B{xo, Ri). Set 

Dt = {xe B' : u{x,t) > 9}. 
Let (p he a. cutoff function for Bi C B', k(t) = 1 A (t/Ti), and r]{x,t) = ip{x)k(t). 
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As in |GrOj the proof uses five inequalities: 

/ u{x,toy dm < cqS^^ / v^dmdt for to ^ (^i, T), (3.7) 
Jb' Jq 

I dT{vr],vrf) dt < cq5~^ I u^dmdt, (3.8) 
Jq Jq 

/ dT{v7],vr]) > Ai(A) / v'^yfdm for t e (0,T), (3.9) 
J B Jb 

Ai(A) > CFm{BY^!{RY'm{Dt)-\ (3.10) 
m{Dt)<e~^ u{x,tfdm. (3.11) 

Of these, (13.91) is immediate from the variational definition of Ai, (13.101) is the Faber-Krahn 
inequality (11.81) . and (13. lip is just Markov's inequality. So it remains to prove (13.71) and 

The inequality (13.81) is immediate from (13.11) . Since ||fc'||oo = V^i have the constant 
on the right side of dSU) is c(*(i? - Ri)-^ + Tf ^) < c'5-^. So 



/ dT{vr],v7]) dt < c5 ^ I v^dmdt. 
Jq Jq 



For (13. 7p let be a cutoff function for B' <Z B and ri{x,t) = (p{x)k{t). Then by (13. ip 
applied to u in the cylinder Qt = B x (0,t), 



u{x,tYr]{x,tym{dx) < c5 ^ / u^dmdt<c5 ^ / u^dmdt. 
B JQt Jq 

The rest of the argument is as in [GrOj . □ 



4 Heat kernel upper bounds 

These bounds can now be proved by the methods of |CG], which in turn uses ideas in 
|GrO] . Since |CG] is written in the graph context, and both of these papers just consider 
the case \E'(r) = r^, we give details. In particular we need to be more careful in our 
handling of exceptional sets; issues with these do not arise for the manifolds or graphs 
treated in jGrOt IGG] . Note that VD implies that there exists a constant a < oo such that 

V{x,R) ^ ^ fd{x,y) + R\°' ^ „ ^ 

Y^-^A-^ j' ^<r<R.x,yeX. (4.1) 

Define the measure m{dx,ds) = m{dx)ds on A* x M. Given a cylinder Q C x M and 
u : Q — )■ M we write ess sup u for the essential supremum with respect to the measure m. 
Define 

/32=/3lV/3, /3i = /3iA/3, (4.2) 
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and note that if < r < /?, 

^xft ^ v[/-i(j^) /^x 

-^(r)-Vry ' Vr/ -^-i(r)-Vry " ^ ' 

Write 

Proposition 4.1. (L'^ Mean value inequality). Set Q = B{xq,R) x (0,T). Assume 

CSA(\[^) and FK(\1>) /ioW, and let u > be caloric in Q. Then if Qoo = B{xq,R/2) x 
(r/2,T), 

ess sup q^m(x, s)2 < y^^*^^' y u{x, sfm{dx, ds). (4.5) 

Proof. (See the proof of |GrOl Theorem 3.1].) It is sufficient to consider the case T = 
\I/(i?). Indeed, suppose (14. 5 p holds in this case, and let T = A\E'(i?). 

If A G (0,1) let r be such that ^{r) = T. We can cover B' = B{xq,R/2) by balls 
B{zi,r/2) such that each B{zi,r) C B{xq,R). Let Qi = B{zi,r) x (0,T), and Qi.oo = 
B{zi,r/2) X (T/2,T). Note that by (gj]) 

Then 

ess sup Q^u{x, s)^ < max ess sup .^^'"(x, s)^. 



and for each i, using (14. 6p . 

ess sup n u(x,s)'^<——-—^ r / u^dm 



TVixo,R) V{xo,r) Jq 



coCgA-"//^^ 



Similarly if T = A\Ef(i?) with A > 1 then applying (14. 5 p to a sequence of cylinders (Tj — 
^^(i?),ri) X B{xo,R) one obtains 

ess sup n M(a;, s)^ < — — — - [ u(x, s)'^dm. 
V , ; - tv{xo,R)Jq ^ ^ 

Now let T = ^E'(-R). Let 6^, k = 0,1, . . . be a sequence to be chosen later, and let (r^) 
and (tk) be sequences such that = R, to = 0, 

4+1 = "^{rk - rk+i) = tk+i - tk, (4.7) 
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and 

R = ro>ri> ■■■>rk> ■■■> R/2, = to < h < ■ ■ ■ < tk < ■ ■ ■ < T/2. (4.8) 

Let Qk = B{xq, Tfc) X (tfc, T). Let 6' > (also to be chosen later) and set = {1 — 1^^)6, 
Uk = {u- afc)+, and 

Ik = uldrh. 

Let 6k = Ofe+i — ak- Then by (13 .Gp applied to the function Uk in Qk+i C Qfc, 

Let A = C2'^{R)r/V{xo, RyO^". Now choose M > 2 and 6 > 4 such that M^/^^ > 2, and 
(4/6)1/(1+^) = M~\ Choose 4+i such that 

A n2uk TV 

—^ = b-\ A; = 0,1,... (4.10) 

4+1 

With this choice of {6k) we have Ik < h^^Io-, and consequently 

= {AhA^''IlY'^^+''^ < (A6/o^)i/(^+'^)(4/6)'='^/(^+'^) = AlM-^ (4.11) 

where Ai = (Abl^Y^^^'^'^K In order that the condition (14. 8 p should hold, we need 

00 

Y^6k<T/2, (4.12) 

k=l 

00 

Y.'^-'iSk) < R/2. (4.13) 

fc=i 

We have 



J2 *^^(4) ^ Yl *"^(AM-'=) < C3*^i(Ai) ^ M-''/^^ < 2c3*^^(A 

and 



1;, 

k=l k=l k=l 



<2Ai. 

fc=l 

So for (14. 8 p to hold it is enough that 

For this it is enough if 9 is chosen large enough so that 

< C4^(i?)^ 
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and so we can take 

*(i?)r(xo,i?) ^ ^ 

We then have — t- as — )■ 00, and hence 

/ {u{x,s)-9)1m{dx,ds) <milk = 0, (4-15) 

which imphes that u{x, s) < 9 fh a.e. on Qoo- D 

We now give an mean value inequahty. 

Proposition 4.2. (L} Mean value inequality) . Assume FK(\1/) and CSA(\I/) hold. Let 
R > 0, T = "^{R), let Q = B{xo, R) x (0, T), and let u > be caloric in Q. Then writing 
Q' = B{xo,2R/3) X (T/2,T), 

C\F{R T) f 

ess sup Q/u(x, s) < — — — / u{x, s)m{dx, ds). (4.16) 
TV{Xo, R) Jq 

Proof. This follows from the mean value inequality by quite general arguments, which 
use only VD - see p. 688-691 of |CG] . As with Proposition 14. H it is enough to consider 
the case T = ^(i?). □ 

In order to obtain heat kernel bounds from the mean value theorem, we need better 
control of the exceptional set. We will use regularity results from |GT] . and to use these 
we need to consider the killed heat kernel. For D (Z X write (-P/^) for the semigroup of 
X killed on exiting D. Then if FK(\I/) holds, by |GHt Lemma 5.5] the semigroup (-P/^) is 
ultracontr active, that is there exists a left continuous function 7(t) such that 

||P,^/||oo < 7(t)ll/lli, t>oje L\X) n L\x). 

(In fact we have 7(t) = c{at)~^^'^ with a = a{n) = m{DnY /^!{nR)). Consequently we 
will be able to use |GTt Theorem 2.12] to obtain estimates which hold on X — J\f, where 
A/" is a properly exceptional set. 

Lemma 4.3. Assume FK(\1>) and CSA(\1/). Let Xo,Xi E Xq, T > 0, < t < T , and 
r = \l/(t). Let Rq > R and D = B{xo, Rq) . Then for m-a.a. y E B{xo,r /2), 

P?{xi, y) < tttA^ / / Pf (^1, y')^{dy\ ds). (4.17) 

TV [Xo,r) Jt„-I./2 J B(x,r) 

Proof. Set Q = B{xo, r) x (T - t/2, T + t/2), and Q' = B{xo, r/2) x (T, T + t/2). Since 
u{y, s) = pf{xi,y) is caloric in Q, by Proposition 14.21 



ess 



sup iy,s)&Q'Pf i^i . y) < TTTT^ — T / Pf i^i 5 y')m{dy', ds) . (4. 18) 

IV [Xo, r) Jq 
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Setting 

A= -^^^-^ j^pf{xuy')midy',ds), (4.19) 

the right side of (14.18P is bounded by A. 

Thus there exists a subset / C (T, T + t/2) of full measure such that if T' G / then 

pf^,{xi,y) < A, for m-a.a. y G B{xo,r/2) . 

Write g{y) = p^{xi,y). Then the L^-continuity of {Pf^) implies that P/i^g — )■ g m-a.e. as 
/i — )■ 0. Taking the limit along a sequence hk such that T + hk & I for each k, it follows 
that p^{xi,y) < A for m-a.a. y G B{xo,r/2). □ 



Theorem 4.4. Assume VD, Fir(^), an(i CSA(^) hold. Then UHK(^!) holds. 

Proof. We use the argument of |CG] . but need extra care because of exceptional sets. 
Fix Xo,|/o ^ '^0) r > 0, and let R = d{x,y). Let Rq > 4i?, and let D = B{xq,Rq). Set 
To = T/2andr = ^-^(To). Let g(2) = B{z,r)x{T -Tq/2,T + To/2). Let r' < i?/4Ar/2, 
and (7i and (72 be non-negative bounded functions with supports in B{xQ,r') and B{yQ,r') 
respectively, such that J gi = J g2 = 1. Set 

Pt y)gi{x)g2{y)m{dx)m{dy). 

Let a; G B{xq, -R/4). Then applying (I4.17p to the caloric function u{y, s) = pf{x, y) in 
Q(yo), we have 



p?ix,y)<-—^ / pf(x,y')^(rfy',f/s) (4.20) 

ToV{yo,r) Jt-To/2 JB{yo,r) 

for m-a.a. y G B{yQ,r /2). Hence 



/• /•T+To/2 , 



^0^(Z/07 ^) JB{yQ,r) JT-Tq/2 



Q{yo) 

gi{x)p^ (x, y')m{dy' , ds)m{dx). (4-21) 



If G B{yQ, r) and s G (T — To/2, T -|- To/2), then by considering the cylinder B{xq, r) x 
(s — To/2, s + To/2), we have by fl4.17p . for m-a.a. x G B{xo, r/2), 

ps+To/2 n 

pfiy', ^) < ^ , / / P3{y\ x')m{dx', ds') 

J-^V {Xq, r) Js-To/2 JB{xo,r) 



< rv?r r) /™ / P?i^',y')Mdx',ds'), 

J-QV {XQ,r} Jrjp_rp^^ JB(xo,r) 



18 



Substituting this into the final term in fl4.2ip . we obtain 

^2 r ^ rT+To/2 

^ ~ T^V{yO, r)V{Xo, r) j B{yo,r) ^^^^ ^ Jt-To/2 

//•T+2T0 
m{dx)gi{x) / ds' / m{dx')pf,{x',y') 
Jt-2To JB{xo,r) 



cr 



2 r r rT+To 

^ ' m{dy') I m{dx') / ds'p^{x',y' 

Jt~To 



2c? r^^'^ 



where = lB{xo,r) and fy = lB{yo,r)- 

If r < R/4 then the Davies Gaffney bound Proposition 12.31 imphes that for T/2 < s < 
2T, 

(PsfxJy) < C2l^(xo,r)i/V(yo,r)^/'exp(-C2$(i?,s)) 

< C2r(xo,r)i/V(yo,r)^/'exp(-C3$(i?,T)). (4.23) 

If r > R/A we still have by f l232|) 

{PsfxJy) < mfxMfylh < V(xo,r)i/V(yo,r)^/^ (4.24) 



As r > R/A we have T > c^{R) and so $(-R, T) < c' by Lemma [1. 5 [ and the exponential 
in f l4.23p is of order 1. Adjusting the constant C2 we therefore obtain, in both cases, 

{PsfxJy) < C2V^(xo,r)i/V(2/o,r)^/'exp(-C3<l>(i?,T)). (4.25) 

Now set 

/2r 
V{x, s)ds. 

Then V{x,r) x V{x,r), and the function x — ?■ V{x,r) is continuous. Set 

Ht{x, y) = c^V{x, ^-\t)fl''V{y, v[/-i(t))i/2 exp(-C3$(rf(x, y), t)). 

Then from (14.251) and (I4.22p we deduce that p!^{x,y) < HT{xo,yo), for m x m a. a. {x,y) 
in a neighbourhood of (xo,|/o)- It follows that PT{x,y) < HT{x,y) for m x m a. a. {x,y). 

Now let D 'I X; then since is ultracontractive it follows from |GTt Theorem 2.12(c)] 
that 

Pt{x,y) < Ht{x,y) for m x m a.a. {x,y) and all t > 0. 

Since the function Ht is continuous, by jGTl Theorem 2.12(d)] there exists a properly 
exceptional set A/i such that ii Xi = X — Mi then 

Pt{x, y) < Ht{x, y) for (x, y) G A^i x A^i and all t > 0, (4.26) 

which proves UHK(\i/). □ 
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5 Proof of CSA from upper heat kernel bounds 

In this section we prove the imphcation (2) =^ (1) of Theorem 1 1.121 We assume throughout 
this section that X is unbounded, and satisfies VD and UHK(\E'). 

We begin by seeing that it is enough to prove f ll.l7p in a shghtly weaker form. 

Lemma 5.1. Let X satisfy VD. Suppose that there exists constants ci,C2 such that for 
all X & X , R > and r > there exists a cutoff function if for B{x, R) C B{x, r + R) 
such that, if U = B{x, R + r) — B{x, R) and f E J-', then 

[ fdTi^,^)<c, [ dTifJ) + C2^ir)-' [ f'dm. (5.1) 
Ju Ju Ju 

Then X satisfies CSA(^). 

Proof. Let X e A", > and r > and B' = B{x,R), B = B{x,R + r); we will 
construct a cutoff function if for B' G B which satisfies (11.171) with 6 = c\E'(r)~^. 
Let A > 0, and let 

where cq = co(A) is chosen so that J2'^=i = r and /32 is as in (14.21) . Set tq = 0, 

n 
k=l 

SO that R < R + Ti < R + r2 < ■ ■ ■ < R + r. Let Bn = B{xq, R + Vn), and Un = -Bn+i — Bn- 
By hypothesis there exists a cutoff function ipn for Bn C -Bn+i satisfying 



/ fdr{^r^,^n)<ci[ dr{f,f) + C2^{sn+i)-' [ fdm. 

JU„ JUr, JU^ 



(5.2) 



Let bn = e "'^ and set 



^{bn-l - bn)ipn- (5.3) 



n=l 



Then if = on B'^, and if = 1 on B', so is a cutoff function for B' C B. On [/„ we have 

if = (6„_i - bn)ipn + bn, 

and so bn < f < bn-i on Un- Hence on Un 

- bn < 7 = (e - 1)V5. (5.4) 

Now if / : ^ M then by (O 

» oo „ 

/ f"^ dV{ip,ip) = y^{bk-i-bkf j f^dT{ifk,fk) 
Jb fc^^ Ju, 

oo „ oo „ 

< ci ^(6fe_i - b^y / dT{f, f) + C2 ^(6fe-i - 6fe)'^(sfe+i)-^ / f^dm. 

k = l ■^'^k k=l •^'^k 
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Using fl5.4l) we have 



k = l -^^k = l 



u 



<cM-^Y / ^W,/)- (5.5) 

Now using (USD and O 



*(r) r _ e^e"^ _ e^(e^ - 1) 



^{Sk+i) - Vco(A)re-('=+i)V/32y co(A)fe Co(A)fe(6fc_i - 6^) 
Therefore 

(fefc_i-6,)vl>(sfc+i)-^<C3(A)vI/(r)-\ 

and hence 



{bk-i-h)^^{sk+ir'fdm<C2Cs{X)^{r)-'Y. f{h-i-h)dm 
k=i "^'^fe k=i "^^fc 

< C2C3(A)^(r)"i [ f{e^ - l)^dm. (5.6) 
Ju 

Thus 

/ /2 dr(^, ^) < ci(e^ - 1)2 / ^2^r(/, /) + C4(A)vI/(r)-i / f^dm. (5.7) 

J(7 JC/ Ju 

We now choose A so that Ci(e^ — 1)^ = 1/8 and since < 1 we obtain ( ]1.17p . □ 

Corollary 5.2. Lei A" satisfy VD. Then the condition CSA(\I/) is stable. 

Proof. Let {Si, J-"), z = 1, 2 be two Dirichlet forms on L'^{X, m) satisfying the hypothesis 
of Lemma [TTTl and suppose that CSA(\[^) holds for Si. Let B' = B{x, R) d B = B[x, R + 
r), and let be a cutoff function for B' C B. Then by Lemma [1.1 j if / G J-", f/ = B — B', 

fdT^'\^,^)<c[ fdT^'\^,^) 
u Ju 

<(C/8) / ^'dT^'\fJ) + CCs<i/irr' [ fdm 
Ju Ju 

<(CV8) / dT'^'\f,f) + CCs^{r)~' I fdm. 
Ju Ju 

Thus (A", £^2) satisfies the condition (15.1 p and so by Lemma [5. II CSA(\I/) holds for £2- D 

Now let {Xt, t G M+, P"^, x E X) he the Hunt process associated with the semigroup Pt 
and Dirichlet form S. Recall the definition of from Section 1. For a set D C A" define 
the exit time 

td = inf{t > : Xt G D'}. (5.8) 
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Lemma 5.3. Suppose X satisfies VD and UHK(\I/). There exists a constant e > such 
that for all x e Aq and r > 0, 

Proof. In the case \l/(r) = r^ this property is denoted Pjs in [GHj . and the result follows 
by |GHt Theorem 2.2]. The general case is similar. □ 

FoT D C X, X>0 set 



Jo 



dt 



Lemma 5.4. Suppose X satisfies VD and UHK(\&). Let xq G A", r > 0, i? > 0, and define 
the annuU Dq = B{xo, R+9r/10)-B{xo, R+r /lO), Di = B{xq, R+4:r/5)-B{xo, R+r/5), 
D2 = B{xo, R + 3r/5) - 5(xo, R + 2r/5). Let A = ^{r)"\ and set 

h = G^nn,. (5.9) 
Then h has support Dq, h G J^Oa ^'^'^ satisfies 

h{x) < ^(r) for all xeX, (5.10) 

/i(x)>q^$(r) /or a; e L>2 n A'o. (5.11) 

Proof. That h G J^d^ follows by |FOTt Theorem 4.4.1]. The definition of h implies that 
h{x) = for X ^ -Do, and the upper bound on h is elementary, since h < G^l = A~^. 

Now let e > be as in Lemma 15.31 Let tq = r/5, x G -D2, and Bi = B{x,ro) C Di. 
Let s = £:\&(ro), and .^a be an exponential r.v. independent of X with mean A"^. Then 

h{x) > W / Id, {Xt) dt>W Ib, {Xt 

Jo Jo 

> sP^(a A TB, > S) = SF^TB, >S,^x> S) 

= sP^(rB, > s)P^(eA > s)> s{l - £)e~^^ 
which yields (15TT]) . □ 

Theorem 5.5. Suppose X satisfies VD and UHK(\1/). Then X satisfies FK(\1/) and 
CSA(^). 

Proof. The proof that UHK(\1/) plus VD implies FK(\&) is as in Section 5.5 of |GH] . 
where the case \l/(r) = is given. 

To prove CSA(\1/) we will show that X satisfies the hypotheses of Lemma 15.11 So let 
B' = B{xo, R) and B = B{xo, R + r), and U = B — B', and let D^, hhe as in Lemma |5^ 
Set 

/ N cih{x) 

9{x) = 5.12 

fiAsw if.es(.„,fl+r/2n 

^ ^ ll ifx e B{xo,R + r/2). ^ ^ 
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Then by Lemma eg = on B"^, and ip = 1 on B', so it remains to verify the inequahty 
Let f & J^. Since g is zero outside U we have 

[ fdT{^,^)< [ fdT{g,g)= [ fdT{g,g) 
Ju Ju Jx 

= [ dT{fg,g)-2 [ fgdT{f,g). (5.14) 
Jx Jx 

Now writing £x{u, v) = £{u, v) + \{u, v), 

[ dT{fg,g) = S{fg,g)<S,{fg,g) 
Jx 

= c,^{r)-'S,ifg,G^nnJ 

= Ci*(r)-i(/2(7, 1^^) < ci*(r)-i / fgdm. (5.15) 

Ju 

Here we used |FUT[ Theorem 4.4.1] and the fact that f^g G to obtain the third hne. 
By (jm), 

|2 / fgdT{f,g)\ = l [ fdT{g,g) + 2 f g'dT{fJ). (5.16) 
Jx Jx Jx 

Combining fl5.15p and (15.161) . and using the fact that g < Ci, we obtain 

/ fdTig,g)<A [ g'dT{fJ) + 2c^^ir)-' [ gfdm 
Ju Ju Ju 

<4cl [ dT{f,f) + 2cl^{r)-' [ fdm. 
Ju Ju 

Thus the hypotheses of Lemma [5TT] hold, and so CSA(\1/) holds. □ 

Remark 5.6. While the proof above is based on the argument in Section 3 of |BBKj . it is 
much simpler, since we do not need to consider the integral over arbitrary balls. Further, 
the condition CS(\I/) requires Holder continuity of the cutoff function, and this was proved 
by using a parabolic Harnack inequality, which is equivalent to the full (upper and lower) 
heat kernel bounds HK(\1/). It seems unlikely that the conditions VD and UHK(^') are 
sufficient to ensure the existence of a Holder continuous cutoff function. 

We conclude this section by giving a sketch of the proof that CSA(\E') follows from the 
condition CS(^) introduced in jBB3l[BBK] . 

Lemma 5.7. Let X satisfy VD. Suppose that for every x E X and r > there exists a 
cutoff function ip for B{x,r) C B{x,2r) such that if f : B = B{x,2r) — > M then, writing 
V = B{x,2r) - B{x,r), 

f dTi^, ^) ^ ^1 ( ^r(/, /) + vl>(r)-i ^ f'dm) . (5.17) 

Then CSA(^) holds. In particular CS(^) implies CSA(^f). 
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Proof. Let XoeX,R,r> 0, and B' = B{xo,R) and B = B{xo,R + r), and U = B-B'. 
In view of Lemma 15.11 it is enough to prove that there exists C2 < oo such that for 
/ : -> M, 

[ fdT{^,^)<C2 [ dT{f,f) + C2^{r)-' [ fdm. (5.18) 
Ju Ju Ju 

Set To = r/3, and let i?(zj,ro) be a covering of B' by balls such that B'^ = B{zi,rQ/2) 

are disjoint and each Zi G B'. Then VD implies there exists M such that any ball 

i?(y,ro/100) C B intersects at most M of the balls Bi. Let (pi be a cutoff function for 

Bl C Bi = B{zi,2ro) satisfying f lSTTj) . Then 

/" fdTi^,,^,)<c^n rfr(/,/) + vl>(ro/3)-i /" /2rfm). 

Now set y:>{x) = ma.Xi (fi{x) . Then if is clearly 1 on B' and zero outside B. 

If i?" = ro/100) and Bi, i = 1, . . .m are the balls which intersect B", then 

m 

dT{if,if) < '^dr{ipj,ipj). 
i=i 

Thus 

[ fdTiip,ip)<J2 I fdT{ip,,ip,) 

J Bi J Bi 

< CiM( dT{f, /) + vl>(ro/3)-i ^ fdm) , 
proving f l5.18p . □ 



6 Stochastic Completeness 

Proof of Theorem \1.16[ Following Davies [D[ Theorem 7] let /> be a function with 
compact support and let ut = Ptf ■ We remark that to prove stochastic completeness, by 
standard density arguments it is sufficient to prove that 

/ f dm < / Utdm for some t > 0. (6.1) 
J X J X 

Indeed, note that since Pt is self-adjoint in LP'{X,m), this implies (1 — Ptl,f) < and 
therefore Pfl = 1 m-a.e. 

Let (a„) be an increasing sequence with ao = 1, and define ip, bn, b* and Cq as in 
We assume that (a„) is chosen so that b* = 1. Let t G (0, 1). Then 

if, Vn) - {Ut, ^n) = - / -r{Us, ^n)ds 

. n ds 
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and 

- — {Us,^n)=£{Us,^n)= / dT{Us,^n)- 



X 



So, by Cauchy-Schwarz and Proposition 12. 2[ and recalling that t < 1, 

{f,fn)-{Ut,'fn)= / / (f ■ (f~^dr{Us,(Pn)ds 

Jo Jx 

C 1 /2 

< V^||/^||2e2^°*(supy.-l)( / dVi^n.^n)) • 

On Un we have a„, < <y5 < «n+i) so sup^;^ y?"^ < Using CSD(Z}„, -Dn+i, 6'„) with / = 1, 
So, 

(/,<^n) - (^t,<^n) < v^ll/v^lbexp (2Cot + |log(^„m(f/„)) -log(a„))- (6-2) 
If there exists a subsequence (n^) such that 



then, since 



lim ((/, - (wt, ^„J) < 0, (6.3) 

fe— >oo 



dm = lim / Ut^n^ dm 



X ^ Jx 



we obtain (16. ip and so deduce stochastic completeness. 

(a) If 9n < Ci we choose a„ = 2", so that 6„ = 6* = 1 and Cq = Ci < oo. Then (ll.20p 
implies that the right side of (16. 2 p converges to 0. 

(b) (Recall in this case that On = cln"^.) Let a > 0, and consider sequences (cfc) such that 
Co = C*o((a/fc)) = a^. We wish to be as large as possible given these constraints, and so 
choose bk = 1 A {a/O]!'^). Now fix n ^ 1, let m = Alogn where A > 0, and let a = com. 
We have 

n n 

an=n(i+^.)>n(i+7)- 

j=l j=m 

So since log(l + x) > |x for x G (0, 1), for n large enough 

n 

loga„ > |m > |A(logn)(log?T, — log log — 1) > |A(logn)^. 

j=m 

Writing E{n,X) for the term in the exponential in (16. 2p . if logm(f/„) < 26(logr2)^ then 

E{n, A) = 2clmH + | log(^„m(?7„)) - log a„ 

< i log(^„m(f/„,)) - (logn)2(Al - 2clXH) 

< log Con - (log nY(^^-b- 2cl\H^^ 
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Choosing A = 96 and t small enough so that 2cQA^t < b, it follows that 

E{n, A) < —b{\ogn)^ + log Cgn, 
and dnSD holds. □ 

Remark 6.1. We have just considered the cases 6n < ci and On = Cin, as for our appli- 
cations these are of most interest. By arguments similar to the above it is straightforward 
to show that if 6n = c^n^'^ with < 7 < 1, then stochastic completeness holds provided 

logm(f/„) < c(7)n^^(2-27)_ ^5 4) 

We now give some examples of the use of the criterion in Theorem II. 16^ and begin by 
showing that we can recover the result of Davies [D] . 

Example 6.2. Let X he a manifold containing a point 0, and such that there exists b > 
such that 

m{B{0,r)) <e^^\ (6.5) 

Let (r„) be increasing with limr.„ = 00. Set Dn = 5(0, r„) and let f/„ = -D„+i — -D„. 
Let ipn be 'linear' on so that 

= 1 A rn+i-d{0,x) ^ ^^ WV^^W^ = . 

Letting ^„ = (r„+i — r„)~^, clearly we have 

/ fdY{ipn.^n)<Qn [ fdm, (6.6) 

and so CSD(D„, 6'„) holds. Let r„ = logn, so that On ~ ■ Then m{Un) < 

m{Dn+i) < exp(6(log(?7, + 1))^), so (11.211) holds and X is stochastically complete. 

Remark 6.3. Improving the condition logV^(0,r) < br"^ to logy(0,r) < r^logr allowed 
by Theorem 11.151 seems to require more delicate techniques. 

7 The pre-Sierpinski carpet 

In this section we will give an example of an MMD space which is geodesically incomplete 
but stochastically complete. The example is based on the 'pre-Sierpinski carpet' - see 

m- 

The standard Sierpinski carpet in d dimensions (with d >2) can be constructed by an 
analogue of the construction of the Cantor set. Starting with Fq = [0, l]'^, divide Fq into 
3'^ subcubes each of side 3~^, and remove the middle cube; call this set Fi. Repeating this 
construction, we obtain a decreasing sequence of compact sets -F„; the Sierpinski carpet 
is defined as 

P — p|00 p 



26 



□ □ □ 

□ □ □ 

□□□ 

□ □ □ 

□ □ □ 

□□□ 

□ □ □ 

□ □ □ 

□□□ 

□ □ □ 

□ □ □ 

□□□ 

□ □ □ 

□ □ □ 

□□□ 

□ □ □ 

□ □ □ 

□□□ 

□ □ □ 



□ □ □ 

□ □ □ 

□□□ 

□ □ □ 



□ □ □ 

□□□ 

□ □ □ 

□ □ □ 

□□□ 

□ □ □ 



□ □ □ 

□□□ 

□ □ □ 



□ □ □ 

□ □ □ 

□ □□ 

□ □ □ 

□ □ □ 

□ □□ 

□ □ □ 

□ □ □ 

□ □□ 

□ □ □ 

□ □ □ 

□ □□ 

□ □ □ 

□ □ □ 

□ □□ 

□ □ □ 

□ □ □ 

□ □□ 

□ □ □ 



□ □□□□□ 



□ □ □ 



□ □□□□□ 

□□□ □□□ 

□ □□□□□ 

□ □ □ 



□ I 

□ I 

□ □□ 

□ □ □ 

□ I 



□ □□□□□ 
□I \a □ I \n 



□ □□□□□ 



□ □ □ 

□ □□ 

□ □ □ 

□ □ □ 

□ □□ 

□ □ □ 

□ □ □ 

□ □□ 

□ □ □ 



□ □ 

□ □ 

a a 

□ □ 

□ □ 

□ □ 

□ □ 

□ □ 

□ □ 

□ □ 

□ □ 

□ □ 

□ □ 



Figure 1: The pre Sierpinski carpet 
Let Ma = S'^ — 1; then F has Hausdorff dimension 

Note that Fn is a union of cubes each of side 3~". Let 

F„ = 3"F„ = {3"a; : X G FJ, F = U^^,F^. (7.1) 

The set F is the pre- Sierpinski carpet, and is a countable union of copies of the unit cube 
[0, l]'^. The interior of F is a standard open domain in M'^, with a Lipschitz boundary. 
We write X = F, and will take d > 3. Let fi be Lebesgue measure restricted to X. 

We summarise some properties of X. Let d{x,y) denote the shortest path distance in 
X. Then (see |BBlt Lemma 7.3] for the case d = 2) we have 

\x — y\ < d{x,y) < c\x — y\, x,yEX. (7.2) 

We write Bd{x,r) for balls in the metric d. Then (see |BB2l Lemma 2.3(e)]) we have 

{^d < r < 1 
" " ' (7-3) 
r f, r > 1. 

In particular X satisfies VD. 
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Now set 

Jx 

where = H^{X) denotes the set of functions / for which j^pdx + S{f,f) < oo. 
Then {S,H^) is a regular local Dirichlet form on L'^[X,ij,). The associated Hunt process 
W = {Wt,t > 0,F^,x G X) is Brownian motion in X with normal reflection on the 
boundary dX. For the existence and uniqueness in law of this process we refer to |BH] . 
The process is reversible with respect to fi, and its generator is given by the Neumann 
Laplacian A on A*. 

Let Pt{x,y) denote the heat kernel associated with W. Many of the properties of W 
and pt can be summarised by two indices. The first is df, the Hausdorff dimension of the 
space F. The second, denoted d^^, and called the walk dimension, gives the long range 
space-time scaling on X. For Sierpinski carpets in d > 3 this satisfies 2 < d^ < df - see 
[BB21 Section 5]. Let ^ = ^2,d„ be as defined in (Oj) . 

Theorem 7.1. (a) {X,£) satisfies HK(^). 

(h) W has a Greens function g{x,y) such that there exist positive constants Ci-c^ such 
that 

ci\x - yp"'^ < gix,y) < Calx - y^"'^ if \x - y\ < 1, 
Csix - yl'^'^-'^f < g{x, y) < Ci\x - y\'^^~'^f if \x - y\ > 1. 

(c) The conditions CS(^) and CSA(*) hold for {X,£). 



Proof, (a) is proved in |BB2[ Theorem 6.9], and (b) in |BB2[ Corollary 6.10]. That 
CS(\E') holds follows from |BBKj . CSA(\I/) then follows by Lemma 15.7^ or alternatively 
by Theorem IL 121 □ 

Let a{x) > 0, X G A:" be a real-valued function on X. Then, we define the additive 
functional 

* 1 



Jo a{Ws) 

and the time-changed process Y = Y^""^ by 

Yt = Wr,, t>0, 

where (rt) denotes the inverse of (^4^). The process Y is symmetric with reversible measure 
m{dx) = ma{dx) = a~^{x) fi{dx) and its generator Ca satisfies 

j g^afa^^ rf/i = {Caf, g)L^{ma) = if, = ' j ^/ ' ^odfi = j {Af)gdiJ., 
so that 

Caf = aAf. (7.4) 
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The Dirichlet form associated with Y is the form [S,Va) on the base space L'^{X,ma). 
Here Va is the closure of C^{X) with respect to Na{f) = S{fJ) + ||/||i2(^^). We refer 
to this form as Sa for short. Recall from (ll.lSp the definition of the intrinsic metric Qa 
associated with S^, we have 

0a{x, y) = sup{u(x) - u{y) : u G Ma, }, (7.5) 

where 

Ma = {u eVaC] C{X) : |Vn|2 < a'^}. (7.6) 

Let p > 0. We now just consider the case 

a{x) = iy d{0,xY. (7.7) 

The main result of this section is the following. Recall that we have d > 3, and that 
2 < < df. 

Theorem 7.2. (i) The process Y = Y^^^ is stochastically complete if and only if p < d^. 
(a) On the other hand, (VGC) holds if and only if p < 2 or p > df. In particular, for 
p G (2, dm) the process Y is stochastically complete but (VGC) fails. 

We begin by relating the metrics Qa and d on X. 

Lemma 7.3. Let R>0, and x e dBd{0, R), y e 83^(0, 2R). Then 

ga{x,y)^R'-P/\ tfR>l, (7.8) 

while Qaix, y) R if R E [0, 1] . 

Proof. By Theorem 4.1 in Chapter 5 of |St2j we have 

^,(0,x) = inf / \^\—===ds. (7.9) 
^ Jo Va(7(s)) 

If 7 is any path in 5^(0, 2R) - Bd{0, R) then 

|7| ^ ds X /" ^ = i?~^/'|7|, 

Va(7(s)) J 

where I7I denotes the length of 7. It follows that Qa{x,y) > ci?^"*'/^. 

For the upper bound, the geometry of the pre-carpet implies that if C > 1 is large 
enough then we can find a path 71 between x and y which lies inside -8^(0, CR) —Bd{0, R) 
and has length less than ciR. Therefore 0a{x,y) < C2R^~^^'^. □ 



Proposition 7.4. The metric Qa and measure rria satisfy the following. 

(i) Qa{0, 00) = 00 if and only if p < 2. In particular, {X, Qa) is not geodesically complete 

when p > 2. 

(a) ma{X) = 00 if and only if p < df. 
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Proof, (i) Let Xk = (2^=, 0, . . . , 0) be the points on 03^(0,2^). Then by Lemma O 
we have ga{xk, Xk+i) 2*^*^^"^/^^. li p < 2 the sum J2k (^a{xk, Xk+i) diverges, and hence 
ga{0,Xk) oo, while if p > 2 then hm^ Qa{0,Xk) < Ci < oo; (i) then follows, 
(ii) By (Q 

ma{X) = 5^ m,(5,(0,2^'+i) -5,(0,2^^)) 

k 

X 2-''Pfi{Bd{0, 2'=+^) - BdiO, 2^')) ^ 2~'=^2^'^^ 



which is infinite if and only if p < dj. □ 

We now look at (VGC) for the metric measure space {X,ga,ma). We set h~^{r) := 
J^{1 V s)-P/^ds, r > 0, so that ga{0,x) x h-^{\x\) if |x| > 1. Further, let h{r) := inf{s : 
h~^{s) > r} be the right-continuous inverse. In particular, 

Bdi0,h{c2r)) C B,SO,r) C BdiO,h{cir)), r > 1. 

Moreover, if p < 2 we have limr_!.oo ^~^('") = oo, so h{r) < oo for all r. On the other 
hand, if p > 2 we have that Rq := lim^-j-oo h~^{r) < oo, thus h{r) = oo and Bg^{0, r) = F 
for r > Rq. 

Lemma 7.5. Let p <2 < df .There exist positive constants C1-C5 and tq such that for all 
r > tq 

Cih{c2rYf-P < m,(5,„(0,r)) < cMc^rY''^''f-'P\ 
Proof. The lower bound is immediate from (17. 3p as 
m„(5,,(0,r)) > I -^Kdx) 



'BaiOMcr)) 

> /x(Ed(0, 1)) + hiryP (/i(5d(0, h{cr))) - /i(5,(0, 1))) 

> c + ch{crYf^P 

for r sufficiently large, where we used the fact that h is increasing. 

To prove the upper bound note that for > we have a{x) > 2^^ on the set Uk = 
Bct{0, 2*''+^) — Bd{0, 2'^). Let kQ{r) = mm{k : 2'' > h{cr)}. Then, for all r large enough we 
have again by (17. 3p 

m„(S,,(0,r)) < / f,(dx)<fi{Bd{0,l)) + cy2^a{Uk) 

fco(r) 

<c + cJ2 2^^'^i-'p'^ < ch{cry'^'^f-P\ 

k=0 

□ 
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Proof of Theorem \7.2 



(i) First let p < du,. Let R>l,Rn = i?", Dn := 5^(0, Rn) and Un = Dn+i - Dn- Thus 

By Theorem 17.11 we have CSA(\E') for the space {X,d,S, fi). So there exists a cutoff 
function for Dn C -Dn+i such that if / : f/„ — M then 

/ fdV{^n,^n)<\ f ^ldT{fJ)+CoR-'- f fd^Ji 

JU„ ° Ju„ Ju„ 

\ [ ^ldVUJ) + c,Rl-''- [ fdma. 



< 



Thus in the space {X,ga,ma), CSD(D„, D^+i, 0„) holds with 9n = CiR^ As p < d^ 
we have 6'„ < Ci and hence by Theorem 11.16( a) stochastic completeness holds provided 
f OOl) holds. However, 



9nma{Un) 



< CiA-^'R-'^^+PRt^'^ = ciiR'^f-'^^/AY 



and taking R small enough so that R'^f-'^^ < 4 it follows that stochastic completeness 
holds. 

Now we consider the case p > dw Since the process W is stochastically complete, from 
the definition of stochastic completeness it is immediate that Y is stochastically complete 
if and only if A^q = oo P^-a.s. for any x. Note that A^q = oo is a tail event, i.e. it is in 
a{Ws, s > t) for all t, so P^[Aoo = oo] is either or 1 for all x (cf. Theorem 8.7 in |BB2j ). 

Let Do = Sd(0, 1) and forn > 1 set = 5^(0,2") - 5^(0,2"-!). Then using the 
bounds for the Green kernel g{x, y) of W in Theorem 17. 1( b). 



E°Aoo = / a{x)~^g{0,x)fi{dx) 

<c \x\^-'^dx + cj^ d{0,x)-P+'^--'^fdx 

oo oo 

< c + c ^ 2"(-P+'^--'^/)2"'^/ < c + c ^ 2"('^--P) < oo, 

n=l n=l 

Hence, A^o < oo P'^-a.s., and so Y is stochastically incomplete. 

(ii) Let us first consider the case p < 2. Then, df — p > and h{r) x r"' for large r with 
7 := (1 —p/2)~^. Hence, we use (17. 3p to obtain 

/•oo ^ 

dr > : dr = oo. 



1 1 log ma{B 1,^(0, r)) Ci + C2logr 

If p = 2, h{r) = e^~^, so 



/•oo ^ r 

/ dr > / 

A logm,(5,^(0,r)) "A 



1 Ci + C2(r - r 



■ dr = oo. 
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Finally, in the case p > 2 we have that Rq := linir^oo ^~^('") < oo, thus h{r) = oo and 
Bg^{0,r) = X for r > Rq. In particular, by Proposition 17.41 ii) we get for such r that 
ma{Bg^{0,r)) = 'ma{X) = oo if and only p < df. Hence, 
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